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Combining Statistical Information
in Set Theoretic Estimation

Patrick L. Combettes and Thierry J. Chaussalet

Abstract— Statistical information has been used extensively
to define feasible solutions in set theoretic signal processing.
However, the reliability of the set theoretic estimates resulting
from the combination of multiple statistical constraints has thus
far not been investigated. In this letter, we address this question in
order to provide a basis for a better use of statistical information
in set theoretic estimation problems.

1. PROBLEM STATEMENT

N set theoretic estimation, the objective is to produce
solutions that satisfy all the constraints (¥;);c; available
for the problem. Each constraint ¥, is associated with the
property set S; = {a € E | a satisfies ¥;} in the solution
space =, and the set of solutions is the feasibility set S =
N eI S; (the reader is referred to [1] for a detailed overview of
the field and of its applications in signal and image processing).
In the family of constraints (¥;);cs, one can distinguish
the statistical ones (¥;);escr from the deterministic ones
(¥;)ier\s- Statistical constraints typically arise from known
properties (e.g., bounds, moments, mixed moments, depen-
dence, spectral and polyspectral properties) of the random
processes involved in the data generation model. They have
been used at various levels of generality in a number of studies,
e.g., [1]1-[4], [71-19]. Since a constraint ¥; is enforced via a
statistical test, the resulting property set S; is actually a con-
fidence region that contains the true object being estimated A
to within some confidence level p;. To evaluate the reliability
of a set theoretic estimation procedure, the relevant figure is
the confidence level of the feasibility set, i.e., the probability ¢
that S contains h. The prevalent approach, however, has been
to choose ad hoc values for the coefficients (p;);es without
paying much attention to the problem of securing a reasonable
global confidence level ¢. Consequently, the feasibility set thus
obtained may not contain h and may even be empty. As an
example, consider the image processing problems of [2], [7],
and [8], where a statistical constraint was associated with each
of the N2 pixels in the image. Then, since the constraints are
independent, the standard confidence level p; = 99% on each
set makes the reliability of the resulting set theoretic estimates
collapse to ¢ = pY’ * ~ 0. This example underlines the need for
a statistical analysis of the reliability of set theoretic estimates
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in order to lay the groundwork for the rational and productive
use of statistical constraints in set theoretic estimation.

II. STATISTICAL ANALYSIS

The object to be estimated is denoted by A and belongs
to a vector space =. The observable data process (X, )nez is
modeled as

(Vn € Z)(Vw € Q) Xp(w) = To(h) + Un(w) (1)

where we define

(Q,F,P)  underlying probability space

(Tn)nez  known sequence of functionals on = modeling
the underlying signal formation process

(Un)nez  random sequence representing the uncertainty,

e.g., measurement noise and/or inaccuracies in
the signal formation model.

Now, let ¥; (j € J) be a known property of the uncer-
tainty process (Up)nez. For every estimate a € E of h, we
define a residual process (Yn(a))ncz = (Xn — Tn(@))nez-
Since, theoretically, (Y, (%))nez = (Un)nez, We construct the
property set

S; ={a € E| (Yn(a))nez satisfies ¥;}. 9))

Such a set cannot be used directly since only a finite trajectory
Y(a,w) = (Xn(w) — Tn(a))1<n<n of the residual process is
observed for a realization w € Q. Let Q;(a) be a statistic of
(X — Tw(a))1<n<n describing the property ¥, and let p;

-be its desired confidence coefficient, that is

p; =P{weQ|heS;w)} 3

Then, from the distribution of @;(h), we can find a Borel
set R; such that P{w € Q | Q;(h,w) € R;} = p;. We
thus replace the exact property “(Yy(h))necz satisfies ¥;” with
the property “Q;(h,w) € R;.” It expresses the fact that h
generates a residual trajectory Y (h,w), which agrees with ¥;
at a confidence level p;. This yields the set

Sj(w) = {a e = | Qj(d,(d) S RJ} 4)
Let us define the events

(VjeJ) Ej={we|Q;hw) e R;} &)
:{w€Q|hES]~(w)} ©)
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and

E={weQlheSw}=[)E;. )
i€t

Then, (Vj € J) PE; = p; and PE = c. The problem is

to determine the confidence levels (p;)jes to be placed on

the sets (S;) e to achieve a preset confidence level ¢ on the
solution set S.

Theoretically, if F' designates the joint distribution function

of the statistics (Q;);cs, then the global confidence level can

be expressed as
Cc= / dr. 8)
XjesR;

In practice, F' is rarely tractable, and this theoretical expres-
sion is difficult to evaluate. However, the joint distribution
functions of subgroups of statistics are usually known exactly
or asymptotically [3], [S]. In order to derive a lower bound on
¢, we shall need the following simple fact, which is known as
Bonferroni’s inequality [6].

Lemma: Let (A;)ier, C F be a finite collection of events.
Then

P4 >1- (1-PA4). ©)
i€l icL

As noted in [6], this bound is quite useful and surprisingly
tight when the probabilities (PA;);cr, are close to 1. Let us
also note that the product ], ., PA; majorizes Bonferroni’s
bound by virtue of the inequality [ [, (1—a;) > 1-3,; o,
for (au)icr CJ0,1[; therefore, it cannot be used to bound ¢

unless, of course, the events are independent.
Now, let (J;);ex be a partition of J such that the proba-

bilities
P E
JET;

(VieK) p, = (10

are computable via the (exact or asymptotic) distribution
functions (F1)iex of the statistics ((Q;);es, )ick. If we let
(Vi€ K) Fi=(;cy, Ej, then E = ;g Fi, and (9) yields

c:PﬂFlzl—Z(1~pl), 1n
leK leK
This inequality shows how the probabilities (p,);cx should be
chosen in order to secure a given global confidence level c.
For instance, when the probabilities (p,);cx are identical and
equal to p, we derive from (11) that

p=1-(1-0c)/k (12)

where k = card(K). Furthermore if, for every [ € K, each
subgroup (Q;)je,, consists of k; independent statistics with
equal confidence levels, it follows from (12) that

(Ml e K)Vje ) p;=(1~(1-c)/k) k. 13)

III. APPLICATION TO SIGNAL RESTORATION

To illustrate an application of the general analysis of the
previous section, we now consider the following set theoretic
signal restoration problem [2], [8]. An original N-point signal
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h is to be estimated from an N-point degraded signal z =
Th + u, where the N X N matrix T represents a known
convolutional blur, and where « is an N-point noise vector
whose components are drawn from a zero- mean Gaussian
white population (U, )ncz with E[Ug|?> = o®. From this
information, the following sets can be constructed, where T,
designates the nth row of T and erf(z) = (2//7) [ et dt
(3], 18]

* N sets arising from range information: SZ = {a ¢ RY |

QF(a) € RE} (1 < n < N), where
Qi (a) = |20 — Toal
{ R — 10, v2oert(py)]. 19
* A set arising from moment information: SV = {a €
RY |Qv(a) € Ry}, where

0 =[S lea -t v

RY =[0,20%VNext ™" (py,)].

* N/2 — 1 sets arising from spectral information: Sf =
{a € RY | QP(a) € RP} (1 < k < N/2 — 1), where

{f{k (@) = 3|50 (o0 = Tova) exp(—o3km)|
P = [0,~No?In(1 - pp)].

Now, suppose that a desired global confidence coefficient is
¢ = 95% and, for sake of definiteness, take N = 64. The
confidence coefficients pg, Py, and pp must be determined
accordingly. Three groups of sets will be considered: S& =
NY_, SE, SV, and SP = ﬂ]kv_/f 'SP, We shall call p the
confidence level on S%, SV, and SP . From (12), we get
that p = 1 — (1 —¢)/3 = 98.333%. Note that p,, =
p = 98.333%. Next, since the statistics (Q Ji<n<n are
independent, we get pp = pY/N = 99.974%. Likewise, since
the statistics (Qk )1§k5N/2—1 are independent, (13) yields
pp = pYV/2-1) = 99.946%. Let us note that enforcing the
standard 99% confidence level on each of the sets (5, R) 1<n<N»
SV, and (ST )1<k< ~/2 would guarantee a global confidence
level of only ¢’ > 0.99" +0.99 +0.997/2-1 — 2 = 24.790%.

(16)
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