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Convex Multiresolution Analysis
Patrick L. Combettes, Senior Member, IEEE, and Jean-Christophe Pesquet, Member, IEEE

Abstract—A standard wavelet multiresolution analysis can be defined via a sequence of projectors onto a monotone sequence of
closed vector subspaces possessing certain properties. We propose a nonlinear extension of this framework in which the vector
subspaces are replaced by convex subsets. These sets are chosen so as to provide a recursive, monotone approximation scheme
that allows for various signal and image features to be investigated. Several classes of convex multiresolution analyses are
discussed and numerical applications to signal and image-processing problems are demonstrated.

Index Terms—Multiresolution analysis, convex sets, hierarchical signal analysis, nonlinear filter banks, projections.
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1 INTRODUCTION

HE concept of multiresolution analysis has found numer-
ous applications in a wide array of signal and image

processing problems. The tenet of this hierarchical frame-
work is to study a signal x in L2(Rn) at monotonically coarser
resolutions (xj)jŒZ. In early work, (xj)jŒZ was constructed by
convolving x with increasingly broad Gaussian functions,
e.g., [1], [7]. Another approach is to obtain the lower resolu-
tion approximations (xj)jŒZ to x as its projections onto a suit-
able monotone sequence of closed vector subspaces [18], [20].
This effort led to the construction of wavelet bases in L2(Rn).

In the above methods, the perceptual notion of resolution
is closely related to that of local smoothness. The low-
resolution approximations are obtained by linear processing,
which typically produces a uniform blurring of the signal
through which important features cannot be preserved, e.g.,
singularities in the case of 1D signals or edges in the case of
images. This shortcoming prompted the development of al-
ternative multiresolution analysis techniques based for in-
stance on morphology [3], nonlinear digital filtering [2], [16],
[23], and partial differential equations [21].

In this paper, we explore an alternative approach to non-
linear multiresolution signal analysis. More specifically, we
present an operator theoretic formulation which extends the
standard linear projection framework to more general, non-
linear, recursive signal approximation schemes in a Hilbert
space +. In the proposed Convex Multiresolution Analysis
(CMRA) framework, a lower approximation xj to a signal x is
obtained by projecting the higher approximation xj-1 onto a
closed and convex subset Cj of +. In this context, the word
“resolution” is employed in a broad sense, as the information
lost in passing from “scale” j - 1 to “scale” j is not necessarily
associated with a uniform reduction of the finer details. In
simple terms, a CMRA acts as a nonlinear magnifying device

that allows us to investigate a wide range of signal features at
various scales. The generality and flexibility of CMRAs stem
from their simple geometric construction from sequences of
nested convex sets. It should be noted that convex sets have
already been used—for purposes different from ours—as an
efficient tool to represent signal properties in various signal
analysis and processing problems, e.g., [8], [12], [13], [19], [22].

The remainder of the paper consists of four sections. The
theoretical foundations of convex multiresolution analysis
are laid in Section 2. General examples of CMRAs are then
developed in Section 3 and simulation results are presented
in Section 4. Concluding remarks appear in Section 5.

2 CONVEX MULTIRESOLUTION ANALYSIS (CMRA)
The signal space is a real Hilbert space + with scalar
product  ·◊|◊Ò, norm i◊i, and distance d. The projection of a

signal x Œ + onto a nonempty closed and convex set Cj Ã +
is the unique signal Pjx Œ Cj that satisfies x P xj  =-

infy C jj
x y d x CŒ - º  ( , ). The projector Pj is characterized by

the variational inequality [6]

("x Œ +�)("y Œ Cj)   · y - Pjx | x - PjxÒ £ 0.              (1)

In the Euclidean plane, the geometrical interpretation of
this inequality is that the angle between the vectors y - Pjx
and x - Pjx is obtuse (cf. Fig. 1).
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Fig. 1. Geometrical interpretation of property (1).
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Our framework is built around the two definitions below.

DEFINITION 1. A multiresolution approximation to a signal x Œ +
is a sequence (xj)jŒZ Ã + such that

(i)    ("j Œ Z)  ix - xj-1i £ ix - xji.
(ii)   lim

j jx x
Æ-•

= .

(iii)  $ Œ =+• Æ+• +•x x x
j j+2 7 lim .

The signal xj is called an approximation to x at resolution
level j. The sequence (dj)jŒZ given by

("j Œ Z)  dj = xj-1 - xj                              (2)

is called the detail sequence of the multiresolution ap-
proximation.

Loosely speaking, (xj)jŒZ is a monotone sequence of suc-
cessive approximations to x. The signal x+•  is the limiting
coarse approximation to x and the signal dj represents the
details lost in passing from resolution level j - 1 to resolu-
tion level j.

DEFINITION 2. A convex multiresolution analysis (CMRA) of +
is a sequence (Pj)jŒZ of projectors onto closed and convex
subsets (Cj)jŒZ of + that satisfy the following properties:

(a)    ("j Œ Z)   Cj Ã Cj-1.
(b)    lim

j jC
Æ-•

= + .

(c)     C C
j jº lim
Æ +•

π ∆ .

(d)    ("j Œ Z)  Pj = Pj o Pj-1.

The sequence (Pj)jŒZ is called a CMRA of + relative to
(Cj)jŒZ.

In words, (Cj)jŒZ is a decreasing (cf. (a)) sequence of
convex sets which is complete (cf. (b)) and nondegenerate
(cf. (c)). It can be shown that, under assumption (a), the
nondegeneracy condition (c) holds if and only if there exists

a signal z Œ + such that sup ,j jd z CŒ < +•Z 4 9  [6].1 In view of

(d), Pj can be regarded as a scale transition operator and the
successive approximations to a signal x are constructed re-

1. In connection with Definition 2, it is important to stress that a sequence
of closed and convex sets (Cj)jŒZ

 that satisfies (a), (b), and (d) needs not
satisfy (c). A simple counterexample is obtained by taking +� = R and

" Œ = + •j C jjZ0 5 , .

cursively: Pjx = Pj o Pj-1x. It is noteworthy that the conditions
of “fidelity” and “causality” found in the definition of the
multiscale analysis of [21] are akin to conditions (b) and (d).

We now verify that Definition 2 is indeed compatible
with Definition 1.

PROPOSITION 1. Let (Pj)jŒZ be a CMRA of +, x Œ +, and

("j Œ Z) xj = Pjx. Then (xj)jŒZ is a multiresolution ap-
proximation to x and x+•  is the projection of x onto C.

PROOF. (i) in Definition 1 follows from (a). It also follows

from (a) that (Pjx)jŒZ converges to the projection of x
onto U j jCŒZ  as j Æ -•  [6] which, by virtue of (b),

establishes (ii) in Definition 1. Finally, (a) and (c) im-

ply that (Pjx)jŒZ converges to the projection of x onto

IjŒZCj as j Æ +•  [6]. This proves (iii) in Definition 1
and the last assertion. o

The practical significance of the above proposition is that
CMRAs are simple and powerful devices to generate mul-
tiresolution approximations. It follows from the recursivity
condition (d) that a CMRA can be implemented via a cas-
cade of (possibly) nonlinear filters, as shown in Fig. 2. At
each resolution level j, two signals are generated, namely
the approximation xj and the detail signal dj. These signals
are related via the following reconstruction formula.

PROPOSITION 2. ("j Œ Z) x = xj + Âi£j di.

PROOF. Fix j Œ Z. For every integer k < j, we have
Â = Â - = -= + = + -i k

j
i i k

j
i i k jd x x x x1 1 1 . Taking the limit

as k Æ -• , (ii) yields Â = -£i j i jd x x , which proves

the announced result. o

It should also be noted that, if x Œ Cj, then xi = x for every i £ j.
A geometrical illustration of a CMRA is provided in Fig. 3.

3 CONSTRUCTION OF CMRAS

In this section, we construct several classes of CMRAs.

Throughout, (Cj)jŒZ is a sequence of closed and convex sub-

sets of + with projectors (Pj)jŒZ. In addition, x is an arbi-

trary signal in +, (xj)jŒZ the associated multiresolution ap-

proximation, i.e., ("j ŒZ) xj = Pjx, and (dj)jŒZ its detail se-

quence, as defined in (2). N* is the set of positive integers,

Fig. 2. Implementation of a CMRA processor.
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R+ the set of nonnegative reals, R+
*  the set of positive reals,

and y zµ
+

 means that y = az for some a Œ R+. bd Cj is the

boundary of Cj and

Nj(y) = {t Œ +�| ("z Œ Cj)  · z - y | tÒ £ 0}                (3)

is the normal cone to Cj at y Œ Cj (Nj(y) = {0} if y lies in the
interior of Cj).

In connection with Definition 2, it is important to ob-
serve that, if (Cj)jŒZ is a sequence of vector subspaces, then
(d) is equivalent to (a) in Definition 2 [6]. Unfortunately,
(d) no longer follows from (a) in the nonlinear case, as
shown in Fig. 4. Thus, a difficulty one faces in building a
CMRA is to find a sequence (Cj)jŒZ of convex sets that
comply with (d). Our constructions will hinge on the fol-
lowing fact (cf. Fig. 5).

PROPOSITION 3. Suppose that (Cj)jŒZ satisfies (a)-(c). Then
(Pj)jŒZ is a CMRA of + if

("j Œ Z)   dj Œ Nj(xj).                             (4)

PROOF. According to Definition 2, we must verify that (d)
holds. To this end, fix j Œ Z. Then we must show Pjx =
Pj o Pj-1x, i.e., with our notations, xj = Pjxj-1. In view of
(2) and (3), (4) can be rewritten as

xj-1 - xj Œ {t Œ +�| ("y Œ Cj)  · y - xj | tÒ £ 0}.      (5)

Consequently, we obtain

("y Œ Cj)  ·y - xj | xj-1 - xjÒ £ 0.               (6)

However, since xj Œ Cj, this variational inequality
characterizes xj as the projection of xj-1 onto Cj by
virtue of (1). Thus, xj = Pjxj-1, as desired. o

3.1 CMRA Induced by a Convex Function
Let g : +�Æ R be a convex and continuous functional. The
subdifferential of g at y Œ + is the (nonempty) set of its
subgradients, i.e., [15]

∂g(y) = {t Œ +�| ("z Œ +�)  · z - y | tÒ + g(y) £ g(z)}.     (7)

Graphically, t is a subgradient of g at y if the continuous af-
fine functional fy,t : z ° · z - y | tÒ + g(y), which has “slope” t
and takes the same value as g at y, minorizes g on + (cf.
Fig. 6). In particular, if g is (Gâteaux) differentiable at y, then
the gradient —g(y) is the unique subgradient of g at y [15].

PROPOSITION 4. Let g : +� Æ R be a convex and continuous
functional, let z Œ +, and let (dj)jŒZ be a decreasing se-
quence in ]g(z), +•[ that diverges as j Æ -•. Define

("j Œ Z) Cj = {y Œ +�| g(y) £ dj}                   (8)

and suppose

" Œ $ Œ ∂ µ
+

j t g x t dj jZ1 6 4 94 9 .                      (9)

Then (Pj)jŒZ is a CMRA of +.

Fig. 3. Geometrical illustration of a CMRA.

Fig. 4. Violation of condition (d).

Fig. 5. Illustration of condition (4).

Fig. 6. Graphical interpretation of subgradients.



COMBETTES AND PESQUET:  CONVEX MULTIRESOLUTION ANALYSIS 1311

PROOF. The convexity of Cj in (8) follows from that of g and
its closedness from the continuity of g. In addition, it

is an easy matter to see that the assumptions on (dj)jŒZ

secure that conditions (a) and (b) hold. Now let S =

{y Œ +�| g(y) £ g(z)}. Then (c) is satisfied as limjÆ+•Cj … S
π Ø. In view of Proposition 3, it remains to show that

(4) holds. If x Œ Cj, then x = xj = xj-1 and consequently

dj = 0 Œ Nj(xj). Next, we assume x œ Cj, which implies

xj Œ bd Cj. In view of (9), we can find t Œ ∂g(xj) such

that t djµ
+

 and, consequently, it suffices to prove t Œ

Nj(xj). To this end, fix an arbitrary y Œ Cj. Then g(y)

£ dj = g(xj) and it follows from (7) that  · y - xj | tÒ £ g(y)

- g(xj) £ 0. This shows t Œ Nj(xj), as desired. o

As discussed in [12], a broad spectrum of signal proper-
ties can be translated into inequality constraints of the form
“g(y) £ 0,” where g is as above. In this light, the set Cj de-
fined in (8) represents the class of signals that satisfy a
weakened or strengthened version of this constraint, ac-
cording as dj ≥ 0 or dj £ 0.

3.2 CMRA Induced by a Convex Set

PROPOSITION 5. Let PS denote the projector onto a nonempty
closed and convex subset S of +, let (dj)jŒZ be a decreasing
sequence in R+

*  that diverges as j Æ -• , and let

("j Œ Z) Cj = {y Œ +�| d(y, S) £ dj}.              (10)

Then (Pj)jŒZ is a CMRA of +.

PROOF. Let g : y ° d(y, S). Then g is continuous and, by the
convexity of S, convex. Consequently, (a)-(c) hold as
in the proof of Proposition 4. According to Proposi-
tion 3, it remains to show that (4) is fulfilled. Let p be
the projection of the analyzed signal x onto S. Then it
is sufficient to show that the multiresolution ap-
proximation (xj)jŒZ is aligned on the segment between
x and p, i.e., ("j Œ Z) xj Œ [p, x]. We have [12]

" Œ — =
-

µ -
+

y g y
y P y

d y S
y P yS

S+ ? 62 7 1 6 1 6,
.        (11)

Now let j be any integer for which x œ Cj and let yj be
the unique point in [p, x] > bd Cj (if x Œ Cj , we trivi-
ally have xj = x Œ [p, x]). We shall show xj = yj , which
will prove the assertion. Since yj Œ Cj , (1) yields

 · xj - yj | xj - xÒ £ 0.                         (12)

On the other hand, (7) implies  · xj - yj | —g(yj)Ò £
g(xj) - g(yj) = 0. It then follows from (11) that

 · xj - yj | yj - PSyjÒ £ 0. However, yj Œ [p, x]. Hence,

PSyj = p and therefore  · xj - yj | yj - pÒ £ 0. Moreover,

y pj - µ
+

 x yj- , and, hence,

 · xj - yj | x - yjÒ £ 0.                        (13)

Adding (12) and (13) yields ixj - yji
2 £ 0, i.e., xj = yj. o

As a by-product of the above proof, it emerges that the
multiresolution approximation (xj)jŒZ lies on the segment
between the analyzed signal, x, and its best approximation,
p, from S. More precisely,

("j Œ Z)  xj = ajx +(1 - aj)p

where

a
d d

j
j jd x S d x S

=
<%&'

, ,0 5 0 5if  
otherwise1

                (14)

3.3 Polyhedral Multiresolution Analysis (PMRA)
Let U = {y Œ +� | iyi = 1} be the unit sphere in +. It is as-
sumed that (Cj)jŒZ is a sequence of polyhedra, namely

" Œ = Œ £%&'
()*=

j C y y bj i j i j
i

mj

Z1 6 + , ,d
1

I ,          (15)

where mj Œ N*, b Ui j i mj
,4 9

1£ £
Ã , and d i j i mj

,4 9
1£ £

Ã R . In

words, each set Cj is a finite intersection of closed affine
half-spaces and, as such, closed and convex. A CMRA rela-
tive to (15) will be called a polyhedral multiresolution
analysis (PMRA).

PROPOSITION 6. Let (Cj)jŒZ be a sequence as in (15) satisfying
(a)-(c). Then (Pj)jŒZ is a PMRA of + if

" Œ œ fij x CjZ1 6

$ Ã
�
��

�
�� =

Œ +
Œ
Âa ai j i I j i j i j
i Ij

j

d b, , ,4 9 R ,               (16)

where Ij = {1 £ i £ mj | · xj | bi,jÒ = di,j}.

PROOF. Fix j Œ Z. According to Proposition 3, we must show

dj Œ Nj(xj). If x Œ Cj, then xj = xj-1 and dj = 0 Œ Nj(xj).

Now assume x œ Cj, which implies xj Œ bd Cj. In view

of the definition of Ij, the active hyperplanes at xj are

                                   y y bi j i j
i I j

Œ =%&'
()*

�
��

�
�� Œ

+ , ,d

and the tangent cone to Cj at xj is

                           T x y y bj j i I i jj4 9 = Œ £%&'
()*ŒI + , 0 .

However, Nj(xj) is the polar cone of Tj(xj) which, by
Farkas’ lemma [9], consists of all the linear combina-

tions of the vectors bi j i I j
,4 9

Œ
 with nonnegative coeffi-

cients. Hence, (16) implies dj Œ Nj(xj) and the proof is
complete.

An important special case is described next. o

PROPOSITION 7. Given m Œ N*, (ri)1£i£m Ã R, and (bi)1£i£m Ã U,
let  · y | biÒ £ ri (1 £ i £ m) be a consistent system of m non-
redundant linear inequalities. Define
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" Œ = Œ £ +
=

j C y y bj i i j
i

m

Z1 6 J L+ r d
1

I ,      (17)

where the decreasing sequence d j j
4 9

Œ +
*Ã

Z
R  diverges as

j Æ -•. Then (Pj)jŒZ is a PMRA of +.

PROOF. Geometrically, (Cj)jŒZ is constructed as follows. The
nonempty polyhedron S = {y Œ +� | · y | biÒ £ ri} is de-
limited by m hyperplanes Hi = {y Œ +� | · y | biÒ = ri}
(1 £ i £ m). The polyhedron Cj in (17) is obtained by
performing a translation of length dj on each Hi in the
direction of its outward normal bi. In light of the prop-
erties of the sequence (dj)jŒZ, one easily sees that con-
ditions (a)-(c) are fulfilled. Now fix j Œ Z and assume
x œ Cj. According to Proposition 6, it remains to show

                               $ Ã
�
��

�
�� =

Œ +
Œ
Âa ai j i I j i j i
i Ij

j

d b, ,4 9 R

where

Ij = {1 £ i £ m | · xj | bi Ò = ri + dj}.              (18)

Since xj = Pjx, we have x - xj Œ Nj(xj), i.e.,

x x bj i I i j ij
- = Â Œ b ,  for some b i j i I j

,4 9
Œ +Ã R . Likewise,

at level j - 1, we can write x x bj i I i j ij
- = Â- Œ --1 11

b ,  for

some b i j i I j
, - Œ +

-
Ã1

1
4 9 R . However, by construction,

Ij-1 Ã Ij and ("i Œ Ij-1) bi,j-1 £ bi,j. Hence,

d b bj i j i j i i j i
i I Ii I j jj

= - +-
ŒŒ --

ÂÂ b b b, , ,
\

1

11

4 9 ,          (19)

and we obtain (18) with ai,j = bi,j if i Œ Ij\Ij-1, and ai,j =

bi,j - bi,j-1 else. o

3.4 Linear Multiresolution Analysis (LMRA)
Let (Cj)jŒZ be a decreasing sequence of closed vector sub-
spaces whose union is dense in +. Then conditions (a)-(d)
are satisfied [6] and the CMRA thus obtained will be called
a linear multiresolution analysis (LMRA). Moreover, (4)
becomes ("j Œ Z)  ·xj | djÒ = 0. In words, the detail signal is
orthogonal to the approximation at each resolution level.

A well-known special instance of LMRA is found when
+ = L2(R) and when the two additional assumptions below
are made.

(e)     C = {0}.
(f) There exists a so-called scaling function j such that,

for every integer j, (DjTkj)kŒZ is an orthonormal ba-
sis of Cj, where Tk : y ° y(◊ - k) is a translation op-
erator and Dj : y ° 2-j/2y(2-j◊) a unitary dyadic dila-
tion operator.

We then obtain the popular wavelet framework of [17], [20].
In this context, the term “multiresolution analysis” is used
because the subspaces (Cj)jŒZ are obtained by scaling the
reference space C0 in the sense that

("(y, j) Œ + ¥ Z)  y Œ C0  ¤  Djy Œ Cj.                (20)

Hence, the distinguishability of small close objects or de-
tails in xj decreases as j Æ +•  (increasingly locally smooth
approximations are obtained). An important property of
this framework is that the multiresolution approximation
(xj)jŒZ can be efficiently computed using decimated filter
banks, e.g., [14].

Let us note that our setting also includes alternative
LMRAs that do not fulfill the scaling condition (20), e.g., the
nonstationary multiscale analysis of [10], as well as multire-
solution analyses based on frames [4].

3.5 Product CMRA

Let I be a finite index set, let (+i)iŒI be a family of real

Hilbert spaces with respective norms (i◊ii)iŒI, and let the
signal space be defined as the cartesian product

+  +
LŒ
¥

I
i . The generic signal x can then be written as

x = (xi)iŒI, where ("i Œ I) xi Œ +i. The canonical hilbertian

norm of a signal x Œ +  is x xi I
i

i
= Â��

�
�Œ

2 1 2

.

PROPOSITION 8. For every i Œ I, let Pj
i

j
4 9

ŒZ
 be a CMRA of +i

relative to Cj
i

j
4 9

ŒZ
 and define

" Œ
Œ
¥j C Cj
i I

j
i

Z1 6  .                          (21)

Then

(j)   " Œ =
Œ

j P x P xj j
i

i i I
Z1 6 4 9 ;

(jj)   (Pj)jŒZ is a CMRA of +  relative to (Cj)jŒZ.

PROOF. To prove (j), we first observe that, by virtue of (21),
(Cj)jŒZ is indeed a sequence of closed and convex sub-
sets of +. Now fix j Œ Z. Then

                        x P x x yj y Cj

- = -
Œ

2 2
min

                                          = -
Œ Œ

Œ Œ¥ Âmin
y C

i i

i
i I

i

i I i I
j
i

x y
4 9

2

                                          = -
Œ
Â x P xi

j
i i

i
i I

2

= -
Œ

x P xj
i i

i I
4 9

2
.                          (22)

Next, to prove (jj), we need to check that conditions
(a)-(d) in Definition 2 are fulfilled. (a) follows at once

from the monotonicity of Cj
i

j
4 9

ŒZ
 for each i Œ I. (b)

follows from the chain of identities

lim lim
j j j i I

j
iC C

Æ-• Æ-• Œ
= ¥

                                                 =
Œ Æ-•
¥
i I j j

iClim

                                                 =
Œ Æ-•
¥
i I j j

iClim

                                                 = =
Œ
¥
i I

i+ + .                        (23)



COMBETTES AND PESQUET:  CONVEX MULTIRESOLUTION ANALYSIS 1313

(c): Let C C
i I

i=
Œ
¥  where ("i Œ I) C Ci

j j
i= π ∆

Æ+•

D lim .

Then C C
j j= π ∆
Æ+•
lim . (d): Fix j Œ Z. Since, for each

i I Pj
i

j
Œ

Œ
4 9

Z
 is a CMRA of +i, (j) yields P xj =

P x P P x P P x P P xj
i i

i I j
i

j
i i

i I j
i

j

i

i I
j j4 9 4 9

Œ - Œ -
Œ

-= = ��
�
� =o o1 1 1

which completes the proof. o

This product space framework is quite versatile as it al-
lows for a decomposition of the signal x into elementary
components (xi)iŒI on which different CMRAs can be per-
formed. At each scale j of a product CMRA, the approxi-
mation xj is constructed as a sum of orthogonal signals in
+. To see this let, for every i Œ I, pi be the canonical map-
ping from +i into +, i.e.,

" Œ " Œ = =%&'u k I u u k i
i i

k
+2 71 6 0 5p if  

else0              (24)

Then it follows that the signals p i j
i

i I
x4 94 9

Œ
 are orthogonal in

+ and, moreover, that x x xj j
i

i I i I i j
i= = Â

Œ Œ4 9 4 9p . Actually,

upon defining ("i Œ I) Hi = pi(+i), + can be written as the

direct hilbertian sum + = !iŒIHi and p i j
ix4 9 is the projec-

tion of xj onto Hi.
Finally, let us note that product CMRAs can also be de-

veloped when I is countably infinite. In such instances, the
signal space will be defined as

+ += Œ < +•
%
&K
'K

(
)K
*KŒ Œ Œ

¥ Âx xi

i I i I
i

i

i
i I

4 9 2
.             (25)

4 SIMULATION RESULTS

4.1 Product CMRA of a One-Dimensional Signal
The signal x to be analyzed is the N-point (N = 256) signal
shown in Fig. 7. It is a noisy measurement of the original
signal h shown in Fig. 8, which is the sum of an exponential-

like signal and of an oscillatory signal s. This type of signal
model frequently arises in respiratory sound analysis. Typi-
cally, no prior knowledge about the noise is available in
such contexts. In the present simulations, the noise samples
are independent and identically distributed and the un-
derlying probability density function is a mixture of two
Gaussians. Although the results presented below may de-
pend on the nature of the noise, it is considered as un-
known since none of its statistical characteristics have been
exploited. It is known, however, that s has support 1 of
length L (here, 1�= {65, º, 192}) in the time domain. In
addition, the L-point DFT $s1  of the restriction of s to 1
(i.e., ("k Œ {0, º, L - 1}) $ exps k s n i nk Ln1 11 6 0 5 2 7= Â -Œ 2p )

is known to have support . (here, . = {3, º, 22} < {106,
º, 125}). The signal space + is the usual N-dimensional
Euclidean space. To capture the above properties, a product
CMRA with three components is constructed, namely +�=
H1 ≈ H2 ≈ H3. Let us denote by &$ the complement of a set

$ and by 1$ its characteristic function, i.e., 1$(n) = 1 if n Œ

$ and 1$(n) = 0 if n Œ &$. The subspace

H1 = {y Œ +�| y11 = 0}                            (26)

excludes the oscillatory part of the signal and the subspace

H y y y2 1 0 1 0= Œ = =+ 1 1 .& &and $> C           (27)

isolates the frequency band .. The subspace

H y y y3 1 0 1 0= Œ = =+ 1 1 .& and $> C            (28)

completes the decomposition. This decomposition can be
viewed as a rudimentary tiling of the time-frequency plane.
In each factor space +i, a CMRA relative to the balls

" Œ = Œ - £%&'
()*j C y y zj

i
i

i

i i jZ1 6 + d ,              (29)

is employed, where the decreasing sequence d i j j,4 9
Œ +

*Ã
Z

R

diverges as j Æ -• . We thus obtain a (product) CMRA by

Fig. 7. Analyzed signal. Fig. 8. Original signal (solid line) and center z of the sets (dashed line).
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virtue of Propositions 5 and 8. To take into account the ex-

ponential decay of the signal, the center z of the sets (Cj)jŒZ

is chosen as shown in Fig. 8 (z can, for instance, be deter-
mined experimentally by fitting an exponential function to

the signal x). According to (14), for every y Œ +i, the pro-
jections are given by

P y
z

y z

y z
y z

y
j
i

i
i j

i

i

i

i

i i j=
+

-

-
- >

%
&K

'K
d d, ,if 

otherwise

         (30)

The multiresolution approximations to x at four scales are
displayed in Fig. 9 together with the normalized mean

square errors NMSEj = ixj - hi2/ihi2 (Table 1 shows the val-
ues of the radii of the balls). It can be observed that the sig-
nal obtained at scale j = 3 provides the best approximation
to the original signal h. The superior ability of the proposed
CMRA to capture the salient features of the analyzed signal
is illustrated through comparisons with standard LMRAs
based on Haar wavelets [14] in Fig. 10 and on third-order
spline Battle-Lemarié wavelets [14] in Fig. 11.

4.2 Polyhedral Multiresolution Image Analysis
The N ¥ N (N = 128) 8-bit original image x in Fig. 12 was ob-
tained by observing of a small piece of charcoal through an
electron microscope. It will be analyzed via a PMRA in the
Hilbert space + of real N ¥ N matrices endowed with the Fro-
benius scalar product: ("(x, y) Œ +�2)  · x | yÒ = trace(xyt). The
PMRA is induced by a smoothness criterion controlled by
bounds on the absolute values of the first-order differences in
the vertical and horizontal directions (discrete directional de-
rivatives) over a smooth region of the image with support

5 Ã {1, º, N}2 (the nonsmooth portion of the image was ob-
tained through a simple semiautomatic edge extraction proc-
ess). Accordingly, the sequence of polyhedra (Cj)jŒZ is given by

" Œ =j C C Cj j
v

j
h

Z1 6 0 5 1 5I
                                   (31)

with

C y
y p q y p q

j
v

p q
p p N

j
0 5

1 6
1 6 1 6

= Œ
+ - -

£
%
&K
'K

(
)K
*K

Œ
π π

+
5

max
, ,

,
1,

1 1

2
d   (32)

and

C y
y p q y p q

j
h

p q
q q N

j
1 5

1 6
1 6 1 6

= Œ
+ - -

£
%
&K
'K

(
)K
*K

Œ
π π

+
5

max
, ,

,
1,

1 1

2
d ,  (33)

where the decreasing sequence d j j
4 9

Œ +
*Œ

Z
R  diverges as

j Æ -•. These sets are seen to be of the form (17) and, there-
fore, to yield a PMRA on account of Proposition 7. The ap-

proximation xj to x at resolution j is obtained by alternating

rectified projections onto Cj
h1 5  and Cj

v0 5  according to the

procedure described in [5] and the associated root mean

square approximation error RMSEj = ix - xji/N is computed.

       
                                                                             (a)                                                                           (b)

       
                                                                            (c)                                                                             (d)

Fig. 9. PMRA of the signal of Fig. 7. (a) NMSE1 = 0.02269. (b) NMSE2 = 0.01373. (c) NMSE3 = 0.012595. (d) NMSE4 = 0.022966.

TABLE 1
RADII OF THE BALLS

j d1,j d2,j d3,j

1 0.6333 1.6867 0.8040
2 0.4077 1.6449 0.6436
3 0.3956 1.6241 0.5635
4 0.2799 0.8538 0.4419
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Three approximations produced by the PMRA are de-
picted for three resolution levels in Fig. 13, Fig. 14, and Fig.
15. These results can be compared to the approximations
produced by a standard wavelet LMRA associated with a
Haar basis decomposition in Fig. 16, Fig. 17, and Fig. 18,
and by a wavelet LMRA associated with third-order spline

orthogonal filters [14] in Fig. 19, Fig. 20, and Fig. 21. The
parameters (dj)1£j£3 have been adjusted so as to yield similar
RMSEjs for a given j. Unlike the PMRA, the LMRAs gener-
ate low-resolution approximations in which the main fea-
tures of the original image can hardly be recognized.

       
                                                                             (a)                                                                         (b)

       
                                                                            (c)                                                                          (d)

Fig. 10. LMRA of the signal of Fig. 7 based on a Haar wavelet decomposition. (a) NMSE1 = 0.021245. (b) NMSE2 = 0.036598. (c) NMSE3 =
0.047707. (d) NMSE4 = 0.062157.

       
                                                                             (a)                                                                          (b)

       
                                                                              (c)                                                                        (d)

Fig. 11. LMRA of the signal of Fig. 7 based on a third-order spline wavelet decomposition. (a) NMSE1 = 0.014994. (b) NMSE2 = 0.019537.
(c) NMSE3 = 0.061574. (d) NMSE4 = 0.06354.
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Fig. 12. Original charcoal image.

Fig. 13. PMRA - RMSE1 = 0.0938.

Fig. 14. PMRA - RMSE2 = 0.1158.

Fig. 15. PMRA - RMSE3 = 0.1225.

Fig. 16. Haar LMRA - RMSE1 = 0.0970.

Fig. 17. Haar LMRA - RMSE2 = 0.1171.
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5 CONCLUSION

In this paper, we have presented a geometrical generaliza-
tion of wavelet multiresolution analysis. The proposed
Convex Multiresolution Analysis (CMRA) is defined via
projectors onto a sequence of nested closed and convex sets
in a Hilbert space. In this recursive formulation, the ap-
proximation to a signal at a given scale is obtained by pro-
jecting its approximation at the next finer scale onto a con-
vex set. The CMRA framework not only unifies several lin-
ear and nonlinear multiresolution techniques but also al-
lows for a wider range of signal features to be captured by
the analysis. Several general classes of CMRAs have been
investigated and simulation results have been presented to
illustrate their potential benefits in signal and image proc-
essing problems. As far as computational complexity is
concerned, a scale transition in CMRA involves a nonlinear
projection, as opposed to a linear one in LMRA. Naturally,
the computational cost of a projection depends of the geo-
metrical complexity of the set under consideration. The
reader is referred to [12] for examples of simple sets and the

closed-form expressions of their projectors. More complex
sets can typically be represented as an intersection of sim-
pler ones and decomposition algorithms are available that
require only projections onto the simpler sets [11].
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